On injective hulls of simple modules  by Hirano, Y.
Journal of Algebra 225, 299-308 (2000) 
available online at http://www.idealibrary.com on I n |~t  ® doi:10.1006/jabr.1999.8124, 
On In ject ive  Hu l l s  o f  S imple  Modu les  
Y. Hirano 1 
Department of Mathematics, Okayama University, Okayama 700-8530, Japan 
Communicated by Kent L Fuller 
Received February 6, 1998 
We characterize a ring over which every left module of finite length has an 
injective hull of finite length. Using this, we show that finite normalizing extensions 
of such a ring also have the same property. We also consider ings having the 
property that the injective hull of every simple module is artinian. We show that 
certain noncommutative noetherian rings have this property. © 2000 Academic Press 
Throughout his paper, all rings have identity and all modules are unital. 
For a ring R, J(R) denotes the Jacobson radical of R. For a left or right 
R-module, E(M) denotes the injective hull of M. For an R-module M, 
Le R M denotes the length of M. Rosenberg and Zelinsky [13] considered 
the rings over which every left module M of finite length has an injective 
hull of finite length. As a special case, Michler and Villamayor [9] 
considered the rings over which every simple left module is injective. Such 
a ring is called a left V-ring. On the other hand, Matlis [8] proved that the 
injective hull of every simple module over a commutative noetherian ring 
is artinian. In this paper we characterize the rings over which every left 
module of finite length has an injective hull of finite length. Using this, we 
show that finite normalizing extensions and some subrings of such a ring 
also have the same property. Next we consider rings over which the 
injective hull of every simple module is artinian. Following Jans [7], we call 
such a ring left co-noetherian. We show that some finite extensions of a 
left co-noetherian ring are also left co-noetherian. Using this, we show that 
certain noncommutative noetherian rings are left co-noetherian. 
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1. 7r-V-RINGS 
Recall that a ring R is a left V-ring if every simple left R-module is 
injective (see [9]). A left and right V-ring is called a V-ring. Cozzens [3] 
constructed an example of a non-trivial noetherian V-domain which has 
only one isomorphism class of simple modules. Osofsky [10] constructed an 
example of a non-trivial noetherian V-domain which has infinitely many 
nonisomorphic simple modules. On the other hand, Rosenberg and Zelin- 
sky [13] considered the rings over which every left module of finite length 
has an injective hull of finite length. Left V-rings form a special class in 
such rings. We shall study such rings. 
A ring R is called a left (right) 7r-V-ring if, for every simple left (right) 
R-module M, the injective hull E(M) is of finite length. Let n be a 
positive integer. A ring R is called a left (right) n-V-ring if, for every 
simple left (right) R-module M, the length of E(M) is less than or equal 
to n. 
A left 1-V-ring is just a left V-ring. Rosenberg and Zelinsky [13, 
Theorem 1] proved that a left and right artinian PI-ring is a left and right 
7r-V-ring. Hence a module-finite algebra over a commutative artinian ring 
is a left and right 7r-V-ring. However, there exists a left and right artinian 
ring R which is not a right 7r-V-ring (see [1, Exercise 24.9, p. 286]). 
Michler and Villamayor [9] proved that R is a left V-ring if and only if 
every left R-module has the property that zero is an intersection of 
maximal submodules. We give a similar characterization for a left 7r-V-ring. 
THEOREM 1.1. The following conditions are equivalent for a ring R: 
R & a left 7r-V-ring. 
Every left R-module M of finite length has an injective hull of ftnite 
(1) 
(2) 
length. 
(3) For every left R-module M, the intersection of all submodules N 
with Le R M/N < ~ is zero. 
Proof. The equivalence of (1) and (2) is trivial. 
(1) ~ (3) Let f~ denote an irredundant set of representatives of the 
simple left R-modules. Then C = ~T~ a E(T) is a cogenerator by [1, 
Corollary 18.16]. Let M be a nonzero left R-module. Then there exists an 
embedding f: M ~ FI~ ~ AC~ for some index set A where C~ = C for all 
a cA .  For T~ fL let P~,T be the projection from F I~AC,  to the 
summand E(T) of C~. Since E(T) is of finite length by hypothesis, 
M/Ker(p~, r f )  is of finite length. Since fl ~ ~ a, r ~ a Ker(p,, r f )  = Ker(f )  
= 0, condition (3) is satisfied. 
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(3) ~ (1) Let T be a simple left R-module. By hypothesis, the 
intersection of submodules N of the module E(T)  with Le R E(T) /N  < oo 
is zero. Hence there exists a submodule U of E(T)  such that E(T) /U  is of 
finite length and T (3 U = 0. Since E(T) is an essential extension of T, 
this implies U = 0. Hence E(T)  is of finite length. 
Similarly we can prove the following. 
THEOREM 1.2. Let n be a positive integer. Then the following conditions 
are equivalent for a ring R: 
(1) R is a left n-V-ring. 
(2) For every left R-module M, the intersection of all submodules N
with Le R M/N <_ n is zero. 
By [13, Theorem 5], we have the following. 
PROPOSITION 1.3. A commutative ring R is a w-V-ring if and only if R M is 
artinian for any maximal ideal M of R. 
Also from the proof of [13, Theorem 5], we have the following. 
PROPOSITION 1.4. A commutative ring R is an n-V-ring if and only if R M 
has length less than or equal to n as an RM-module for any maximal ideal M 
of R. 
The Jacobson radical J (R)  is left T-nilpotent if, for every sequence 
al, a2 , . . . ,  in J(R), ala 2 ... a ,  = 0 for some n. 
In [13, Theorem 4], it is proved that the Jacobson radical J (R)  of a left 
7r-V-ring R is a nil ideal. The following corollary improves this. 
COROLLARY 1.5. I f  R is a left 7r-V-ring, then the Jacobson radicalJ(R) is 
left T-nilpotent. 
Proof By Theorem 1.1, every nonzero left R-module has a maximal 
submodule. Hence our claim follows from [1, Remark 28.5]. 
PROPOSITION 1.6. Let n be a positive integer and let R be a left n-V-ring. 
Then I n = I n+ 1 for any left ideal I of R. 
Proof Let I be a proper left ideal of R. Suppose that I n +_p_ U + 1. By 
Theorem 1.2, the intersection of all submodules N of M = R/1  ~+~ with 
Le R M/N < n is zero. Then there exists a left ideal L of R containing 
in+l such that LeR(R/L)  <_ n and L ;~ I n. We set 10 = R. If  I i + L = 
I i+l +L  for some nonnegative i <n  + 1, then I n C_In-i(] i +L)  = 
In - i ( I i+ l  + L )  C_ I n+l + L = L, a contradiction. Hence I i + L 4= [i+l + 
L for i = 0, 1, 2 , . . . ,  n. This implies Le~(R/L )  >_ n + 1, a contradiction. 
It is known that if R is a left V-ring, then the Jacobson radical 
J (R) = 0. For a left n-V-ring R, we have 
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COROLLARY 1.7. I f  R is a left n-V-ring, then J(R) n = O. 
Proof. By Proposition 1.6, J (R)  ~ =J(R)  n+l. Since J (R)  is left T- 
nilpotent by Corollary 1.5, we conclude J (R)  ~ --- 0 by [1, l_~mma 28.3]. 
If R is a semilocal eft n-V-ring, then R is semiprimary, but it is not 
known whether or not R must be left artinian for n > 1. 
A ring S is called a finite normalizing extension of a ring R if R is a 
subring of S and S = E~=laiR with aiR = Ra i for each i. A ring S is 
called an excellent extension of R if S is a free normalizing extension of R 
with a basis that includes 1 and S is R-projective; that is, if N is an 
S-submodule of M s, the condition that N R is a direct summand of M R 
implies that N s is a direct summand of M s. Parmenter and Stewart [11] 
proved that an excellent extension S of a ring R is a right V-ring if and 
only if R is a right V-ring. The following theorem shows that an arbitrary 
finite normalizing extension of a left V-ring is a left ~--V-ring. 
THEOREM 1.8. Let S be a finite normalizing extension of a ring R. If  R is a 
left 7r-V-ring, then so is S. 
Proof. By hypothesis, there is a finite set {a 1 . . . . .  a k} of elements of S 
such that S = ~,ki=laiR and aiR = Ra i for each i. By Theorem 1.1, it is 
sufficient o show that, for every left S-module M, the intersection of all 
S-submodules N with Le s M/N < oo is zero. So let M be a nonzero left 
S-module and let N be an R-submodule of M with L%(M/N)  = m < oo. 
We let a71N = {m ~ Mla im ~ N}. Then, by [2, Lemma 1.1], we have 
LeR(M/a71N)  < LeR(M/N)  = m. Let b(N)  = f) ia~-lN, which is an S- 
submodule (in fact, the largest S-submodule) of M contained in N. We 
have Leg(M/b(N) )  < kin. Thus we proved that every R-submodule N of 
M with Le R M/N = m contains the left S-submodule b(N)  with 
Le s M/b(N)  < kin. Since R is a left ~r-V-ring, the intersection of R-sub- 
modules N of M with Le e M/N < oo is zero. Therefore the intersection 
of S-submodules N' of M with Le R M/N '  < oo is zero. 
COROLLARY 1.9. A module-finite algebra over a commutative ~r-V-ring is 
a left and right 7r-V-ring. 
From the proof of Theorem 1.8, we also obtain the following. 
THEOREM 1.10. Let S be a finite normalizing extension of a ring R with a 
set of generators consisting of k-elements. Let n be a positive integer. If  R is a 
left n-V-ring, then S is a left kn-V-ring. 
We prove a partial converse of Theorem 1.8. An R-submodule N of a 
right R-module M is called a pure submodule of M if the map N % L 
M ®R L induced from the inclusion map i: N ~ M is monic for any left 
R-module L. For example, if N is a direct summand of M, then N is a 
pure submodule of M. 
INJECTIVE HULLS 303 
THEOREM 1.11. Let S be a finite normalizing extension of a ring R such 
that R R is a pure submodule of S R. I f  S is a left 7r-V-ring, then so is R. 
Proof. By Theorem 1.1, it suffices to prove that, for every left R-mod- 
ule M, the intersection of all R-submodules N with Le R M/N < w is zero. 
So let M be a nonzero left R-module. By hypothesis, M can be viewed as 
an R-submodule of S ®R M. Let L be an S-submodule of S ~R M with 
Les(S ®R M/L)  < ~. By [12, Prop. 5], LeR(S ®R M/L)  < ~. Hence we 
have Le R M/M n L < ~. Since S is a left 7r-V-ring, the intersection of 
S-submodules L of S % M with Les(S ®R M/L)  < ~ is zero. Therefore 
the intersection of R-submodules N of M with Le R M/N < ~ is zero. 
Let R be a module-finite algebra over a commutative ring C. If P is a 
prime ideal of C, then C - P is a multiplicatively closed subset of C, and 
the ring of fractions of R with respect o C - P can be defined in the 
usual way. This ring of fractions is denoted by R e . 
COROLLARY 1.12. Let R be a module-finite algebra over a commutative 
ring C such that C is a pure submodule of the C-module R. Then the following 
statements are equivalent: 
(1) R is a left w-V-ring. 
(2) For each maximal ideal P of C, R e is a left and right artinian ring. 
Proof. (1) ~ (2). By Theorem 1.11, C is also a ~--V-ring. Hence, for 
each maximal ideal P of C, C e is an artinian ring by [13, Theorem 5]. 
Since R e is module-finite over Ce, Re is a left and right artinian ring. 
(2) ~ (1). Let X be a simple left R-module and let P = {a ~ CIaX 
= 0}. Let Ann R M denote the annihilator of X in R. Then R/Ann R M is 
a primitive ring and module-finite over C/P .  Hence R/Ann R M is a 
simple artinian ring and its center is integral over the integral domain 
C/P .  Thus C/P  is a field and hence P is a maximal ideal of C. Let E 
denote the injective hull of the left R-module X. As in the proof of [13, 
Lemma 7], E and X become Re-modules and E can be viewed as the 
injective hull of the left Re-module X. Since R e is a left and right artinian 
module-finite algebra over Ce, E is of finite length by [13, Theorem 3]. 
Now we give a non-trivial example of a left and right ~--V-ring which is 
not a module-finite algebra over a commutative ring. 
EXAMPLE 1.1. Let F be a field and let n be a positive integer. Let T 
be the F-subalgebra of the algebra of n x n matrices over F. Let S be the 
algebra of all sequences of n × n matrices over F and define the subalge- 
bra R of S by R = {(an)[3N: a u = aN+ k ~ T for all k > 0}. Let I denote 
the ideal of R consisting of all sequences which are eventually zero. Then, 
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for each nonzero a ~ U, RaR is a semisimple artinian ring. Let M be a 
simple left R-module. If IM ~ O, then take a ~ I such that aM ~ O. Then 
there is a central idempotent e ~ I such that RaR = Re. Since M is 
simple, (1 -  e)M = 0. Since RaR is a semisimple artinian ring, M is 
injective as an Re-module, and hence injective as an R-module. If IM = O, 
then M becomes a left R/ I -module by the natural way. Since R/U =- T, 
R / I  is a left ~r-V-ring, so that the injective hull E of the left R// -module 
M is of finite length. We can easily see that Ra n I G Ia for each a ~ R. 
This implies that R/ I  is a fiat right R-module by [4, Corollary 11.23, p. 
433]. Then E is injective as a left R-module by [5, Corollary 5A], and 
hence E is the injective hull of the left R-module M. 
2. CO-NOETHERIAN RINGS 
Matlis [8] proved that the injective hull of a simple module over a 
commutative noetherian ring is artinian. Snider [15] proved that if G is 
nilpotent-by-finite hen the injective hull of each simple Z[G]-module is 
artinian. However, a left and right noetherian ring does not necessarily 
have this property. In fact, there is a left and right artinian ring which does 
not have this property (see [1, Exercise 24.9, p. 286]). 
Following Jans [7], a ring R is said to be left co-noetherian if the 
injective hull of each simple left R-module is artinian. Modifying the proof 
of Theorem 1.1, we obtain the following. 
THEOREM 2.1. The following conditions are equivalent for a ring R: 
(1) R is left co-noetherian. 
(2) For every left R-module M, the intersection of submodules N of M 
with M/N artinian is zero. 
Corresponding to Theorem 1.8, we have the following. 
THEOREM 2.2. Let S be a finite normalizing extension of a ring R. I f  R is 
left co-noetherian, then so is S. 
Proof. By hypothesis, there is a finite set {aa,.. . ,  a k} of elements of S 
such that S = E/k= laiR and aiR = Ra i for each i. By Theorem 2.1, it is 
sufficient o show that, for every left S-module M, the intersection of all 
S-modules N, such that M/N is artinian, is zero. So let M be a nonzero 
left S-module and let N be an R-submodule of M such that M/N is 
artinian as an R-module. Let b(N)  denote the largest S-submodule of M 
contained in N defined in Theorem 1.8. By [2, Lemma 1.1], we know that 
M/b(N)  is also artinian as an R-module. Since S contains R as a subring, 
M/b(N)  is artinian as an S-module. Since R is left co-noetherian, the 
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intersection of R-submodules L of M, such that M/L  is an artinian 
R-module, is zero. Therefore the intersection of S-submodules L', such 
that M/L'  is an artinian S-module, is zero. 
COROLLARY 2.3. A module-finite algebra over a commutative noetherian 
ring is left and right co-noetherian. 
Proof. By [8, Prop. 3], a commutative noetherian ring R is co- 
noetherian. Since a module-finite algebra S over R is a finite normalizing 
extension of R, S is left and right co-noetherian by Theorem 2.2. 
Recall that a module M is finitely embedded if it has a finitely generated 
essential socle. The following lemma is found in [14, p. 75]. 
LEMMA 2.4. A left R-module M is artinian if and only if each homomor- 
phic image of M is finitely embedded. 
THEOREM 2.5. Let R be a left noetherian ring and let U be a simple left 
R-module. Suppose that there exists t in the center of R such that R /Rt  n is a 
left co-noetherian ring for each positive integer n and every element orE(U) is 
annihilated by some power of t. Then E(U) is artinian. 
Proof. Suppose, on the contrary, that E(U) is not artinian. As in the 
proof of [15, Theorem], there is a submodule M of E(U) minimal with 
respect o the property that E(U) /M is not finitely embedded. If N is a 
proper submodule of M, then E(U) /N  and hence M/N is finitely 
embedded, because of the minimality of M. Since M is an essential 
extension of U, M is finitely embedded. Therefore M is artinian by 
Lemma 2.4. Let T = {m ~ E(U)/MItm = 0} and define a map f: T 
M/tM by f (a + M) = ta + tM for all a + M ~ T. Let Anne(u)(t) denote 
the annihilator of t in E(U). If a + m ~ Ker(f) ,  then ta ~ tM, so 
a ~ M + Anne(t:)(t). Conversely, if a ~ M + Anne(v)(t), then ta 
tM, and hence a + M ~ Ker(f) .  Thus Ker ( f )  = (M + Anne(u)(t))/M --- 
Anne(u)(t)/(Anne(~:~(t) n M). Therefore, by hypothesis, T is artinian and 
hence T has a finitely generated essential socle. Since every element of 
E(U) /M is annihilated by some power of t, E (U) /M is an essential 
extension of T. Therefore E(U) /M is finitely embedded. This is a contra- 
diction. 
The first Weyl algebra AI(R) over a commutative ring R is an algebra 
generated by x, y over R with relation xy - yx = 1. 
LEMMA 2.6. Let R be a polynomial ring Z[z 1, z2,. . . ,  z m ] over  the ring of 
integers and let M be a simple left module over the first Weft algebra AI(R). 
Then there is a prime number p such that pM = O. 
Proof. Assume, on the contrary, that there is no prime p such that 
pM = 0. Then, since M is simple, M is Z-torsion-free and becomes a 
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Q-module. Now let A = AI(R) and take a maximal eft ideal I of A such 
that M = Af t .  Since I is maximal, we can easily see that I -~ (I  c~ R)A.  
Hence, without loss of generality, we may assume that I contains an 
element an xn + an_xx "-1 + "" +a o such that n > O, a 1 . . . .  ,a n ~ R[y] 
and a n ~ I. Let S = {at, It > 0}. Clearly S is a left and right Ore set of A. 
If I n S = 0 ,  then S-1M (~ S -1A/S -1 I )  is a finitely generated nonzero 
S-1R[y]-module. Let w be a commutating indeterminate. Then S-1R[y] 
---Z[zl, z 2 . . . .  , Zm,y ,w] / ( l -  anW). Let C denote the commutative ring 
Z[Zl, z 2 . . . .  , Zm, Y,W]. Then, from the isomorphism above, S-1M can be 
considered a finitely generated C-module. Let U be a simple factor 
module of the C-module S-IM. Since U is divisible as an additive group 
and since U is a simple C-module, U also is a Q-module. This is a 
contradiction, because U becomes a module over the field C/P  where P 
denotes the annihilator of M in C, and any residue field of C is not of 
characteristic zero. Next assume I n S ~ O. Without loss of generality, we 
may also write a n = bkY k + bk_ly k-~ + ... +b o with b o . . . . .  b k ~ R and 
b k f~ I. I f  k = 0, then a n is a central element of A. In this case, a n ~ I 
implies I N S = 0 ,  because A/ I  is simple. Hence we conclude that 
h and let T = {btglt > 0}. Since A/ I  is simple and k>0.  Take IAS~a n
b k is central, b k q~ I implies I N T = 0 .  Then T-1M is a finitely gener- 
ated nonzero T-1R[x]-module. Similarly, we obtain a simple 
Z[zl, z 2 . . . . .  zm, x, w ]-module which is also a Q-module. This is also a 
contradiction. 
COROLLARY 2.7. Let R be a finitely generated commutative algebra over 
the ring of integers. Then the first Weft algebra AI(R) over R is left and right 
co-noetherian. In particular, if D is the ring of integers in an algebraic number 
field, then A I( D ) is left and right co-noetherian. 
Proof If R is a homomorphic image of the polynomial ring Z[z 1, z2, 
. . . .  Zm], then AI(R) is a homomorphic image of AI(Z[z 1 . . . .  , Zm]). Hence 
it suffices to prove the assertion in case R = Z[z 1, z 2 . . . . .  Zm]. Let A = 
A l (Z[z l , . . . ,  Zm]) and let M be a simple left A-module. Let k be any 
positive integer. It is easily seen that x k and yk are central elements of 
A/Ak .  Hence A/Ak  is a module-finite algebra over the commutative 
noetherian ring by Corollary 2.3. By Lemma 2.6, there is a prime p such 
that pM = 0. Then M becomes a simple A/Ap-module. Since A/Ap  is a 
module-finite algebra over (Z/Zp)[z~ . . . . .  Z,n, xP, yP], we can easily see 
that M is a finite-dimensional vector space over the field Z/Zp .  
Now we claim that if M is a simple left A-module such that pM = 0 for 
some prime p, then every element of E(M)  is annihilated by some power 
of p. Since the additive group of M is isomorphic to (Z /Zp)  t for some 
positive integer t, by the proof of [14, Theorem 2.11, p. 37], we know that 
E(M)  is a submodule of Homz(A ,  Z(p°~)t). Since A is a free Z-module 
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with a countable number of bases, we see that Homz(A,  Z(p~°) t m Z(p=) N, 
the direct product of card N copies of Z(p=). By [6, Example IV.23.3, p. 
105], Z(p°~) N is a direct sum of some copies of Z(p =) and Q. Hence the 
divisible group E(M)  is a subgroup of this direct sum. It is well known that 
any divisible group is a direct sum of quasicyclic groups and full rational 
groups (see, e.g., [6, Theorem 23.1]). Hence we conclude that the additive 
group of E(M)  is a direct sum of some copies Z(p =) and Q. Now suppose 
that Q appears as a direct summand of E(M),  that is, Qa c E(M)  for 
some nonzero a ~ E(M). Let I i = {r ~ Alrpia E M} for each nonnegative 
integer i. Then {I i} is an ascending chain of left ideals of A. Since A is left 
noetherian, there exists an integer d such that I a = Ia+ a . . . .  . Then 
la+lpa+la = Iapa+la =plapga cc_pM = 0. However, since 0 4: ap a+a 
E(M)  and since M is essential in E(M),  we have Ap a÷ la f) M 4: O, and 
hence Ia+ lpa+la q= O. This is a contradiction. This proves our claim. Now 
applying Theorem 2.5, we know that A is left co-noetherian. Similarly we 
can prove that A is right co-noetherian. 
The following example shows that a Weyl algebra over a commutative 
noetherian ring need not be left co-noetherian. 
EXAMPLE 2.1. Let F be a field of characteristic zero and let AI(F) 
denote the first Weyl algebra over F. It is well known that AI(F) can be 
viewed as the ring of differential operators on F[x]. We can easily see that 
F[x] is a simple left Al(F)-module. Let {al, a 2 . . . .  } be an infinite subset of 
F and set Tj = {x - aili = j, j + 1 . . . .  }. Let Sj denote the multiplicative 
subsemigroup of F[x] generated by Tj and consider the localization F[x]sj 
of F[x] by Sj. Then F[x]s 1 is an essential extension of Fix]. Since 
F[x]sl ~ F[x]s2 ~ ... is a strictly descending chain of left Al(F)-submod- 
ules of F[x]se the injective hull of E(F[x]) is not artinian. 
COROLLARY 2.8. Let o" be an automorphism of the polynomial ring Z[ y ] 
defined by o-( y ) = y + 1. Then the skew polynomial ring R = (Z[ y ])[ x; o-] is 
left and right co-noetherian. 
Proof Let n be a positive integer. Then R/Rn -~ ((Z/Zn)[y])[x; o-]. 
Clearly the center of R/Rn contains x n and y(y + 1)(y + 2)... (y + n - 
1). Hence R/Rn is module-finite over a commutative noetherian ring, and 
therefore R/nR is a left and right co-noetherian ring by Corollary 2.3. Let 
M be a simple left R-module. As in the proof of Lemma 2.6, we can prove 
that pM = 0 for some prime p. Hence M is a finite-dimensional vector 
space over the field Z/Zp.  As in the proof of Corollary 2.7, we can show 
that every element of E(M)  is annihilated by some power of p. Now 
applying Theorem 2.5, we know that R is left co-noetherian. Similarly we 
can prove that R is right co-noetherian. 
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V~mos [16] proved that a commutative ring R is co-noetherian if and 
only if, for each maximal ideal P of R, the localization R e of R at P is a 
noetherian ring. From this we can easily see the following: If R is a 
commutative co-noetherian ring, then so is the polynomial ring R[x]. We 
conclude this paper with the following conjecture. 
Conjecture. Let R be a left co-noetherian ring. If every primitive factor 
ring of R[x] is artinian, then R[x] is also a left co-noetherian ring. 
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